Coherence lengths of one particle states described by quantum wave functions are studied. We show that one particle states in various situations are not described by simple plane waves but are described by wave packets that are superpositions of plane waves. Wave packet is an approximate eigenstate of the free Hamiltonian and has a finite spatial size which we call the coherence length. The coherence lengths in the coordinate space and in the momentum space are studied in the present paper. We investigate several mechanisms of forming wave packets, stabilities of wave packets, and transformations of wave packets.
Introduction
When particles are identified by detectors, they show classical trajectories. These classical trajectories are seen because the particle's wave functions have finite sizes and the probability for the particle to be observed within this width becomes unity.
A position x and a momentum p satisfy canonical commutation relation,
and a momentum eigenstate is extended in space. So the momentum eigenstate does not show a classical trajectory and a linear combination of momentum eigenstates, a wave packet, which has a finite spatial size shows a classical trajectory. Wave packets are necessary for describing states with finite spatial extensions.
Wave packet behaves like a particle and is convenient to study a connection between quantum mechanics and classical mechanics. Uncertainty relations and other properties of quantum mechanics are described well by wave packets and are explained in many textbook of quantum mechanics [1] .
In scattering experiments, an overlap between the initial states and the final states are studied. Since the final states are determined by the detectors of finite sizes they are described by wave packets [2] [3][4] [5] . Their sizes are normally semi-microscopic between microscopic and macroscopic lengths and it is good to approximate the initial and final states by plane waves if the typical scale of targets and interaction lengths are microscopic sizes.
The wave packets have been applied in various area of physics such as electromagnetic wave propagations [6] , particle scatterings [2] [3] [4] , the neutrino oscillations [7] [8] [9] [10] . Moreover fundamental problems of quantum mechanics that are connected with measurements and their implications in quantum informations, entanglements, and others are tested by using beams of electrons, neutrons, and of photons or its coherent states, lasers. However in these cases either the wave is classical or the coherence lengths of waves in quantum physics were much larger than typical scales of microscopic objects. Interactions of these waves with microscopic objects were studied by plane waves. Detailed qualitative study of microscopic physics, especially of particle physics, has not been made for wave packets.
We found that the situation has been changed now and there are many occasions where the wave packet's effects are important [11] [12] [13] . Especially in present problems of fundamental physics where high precision, high energy, long distance, and other new circumstances are required, these effects are expected to be important. Theoretical investigations of studying the wave packet's effects qualitatively are lacking. It is our purpose to study deviations of one particle states from simple plane waves and their consequences in many body quantum systems. We mainly study the systems of relativistic invariance, where space and time are treated with equal footing.
The minimum wave packet is an idealistic wave packet that satisfies the minimum uncertainty relation between the variances of coordinates and momenta.
Although it has been studied often [14] [15] , it is instructive to review properties of the minimum wave packet here for later convenience.
From the canonical commutation relation, Eq. (1), uncertainties of the position and momentum satisfy,
In Gaussian wave packet, coherent sate, of one variable x x|P 0 , X 0 = N 1 e
where X 0 and P 0 are expectation values of the x and p, the equality of Eq. (2) is satisfied. The variances of x and p are in fact,
The product of the variance of the momentum with that of coordinate,
is independent from γ and is the minimum value allowed from the commutation relation.
The coherent state satisfies also completeness condition, [5] dP 0 dX 0 2π x|P 0 , X 0 P 0 , X 0 |y
= δ(x − y).
In higher dimensions, the products of the functions of each variable are used. They satisfy minimum uncertainty relations and completeness conditions in higher dimensions. For non-minimal wave packets, a function h m (x − X 0 ) is multiplied to the right hand side,
Completeness condition, Eq. (7) is satisfied also in this case but the product of δx and δp is not minimum and is larger than the minimum value. This packet should be used in realistic cases of having larger value of the product of uncertainties. If the function h m (x − X 0 ) is Hermite polynomial of order m, the product of uncertainties becomes
A wave packet is emerged from matter effects. Wave in medium is affected by disorders and is described by one function within a finite length, which we define as a coherence length. When this wave of a finite coherence is emitted from the medium into the vacuum, it has a finite length of time and a finite width of the energy because the wave in the matter lives for a finite period of time, of the order of a mean free time. Consequently this wave packet in the vacuum is not the eigenstate of the Hamiltonian but it is the linear combination of different energies. Its width is determined from the interactions of the particle with scatterers. There are other situations where wave packets are formed. We will study them and estimate wave packet sizes in the 2nd section.
Since wave packet is a linear combination of plane waves of different energies, the wave packet is not eigenstate and varies with time by the free Hamiltonian. For a non-relativistic particle of the mass m, the energy, E = 
and the time width is given by
In the above equations, the energy width ∆E, the time width δτ , and the position width ∆x are determined by the momentum width ∆p. The position of wave packet also varies with time in a manner that follows a classical trajectory of the velocity given by the central value of the momentum. Furthermore the wave packet spreads with time with a speed that depends on the mass and the initial size.
The other feature of the wave packets can be seen in a momentum correlation
where the state |α is one state described by a wave packet and | p is a momentum eigenstate . If the state |α is a momentum state | q , then we have
and
If the state |α is a wave packet described by momentum state | q as
then we have
Thus the correlation function vanishes if | p 1 − p 2 | is larger than the momentum width of the wave packet. When all the states of a complete set are added,
then the correlation function agrees to the delta function. For a state described by a wave packet,
shows a feature of the state |α and the width of p 1 − p 2 is determined by the momentum width ∆p. This correlation function will be used later.
We investigate problems connected with particle's coherence in this series of papers. In a previous paper [5] we showed general features of wave packet scatterings such as evolution of wave packets and slight violations of energy and momentum conservations in many body reactions. The consistency of nonorthogonality of wave packets with fundamental requirement of quantum mechanics in many body scatterings was shown also.
In the present paper, we study formations of wave packets that have finite uncertainties of position and momentum and transmutations of these uncertainties in various reactions. We present coherence length of wave packets and other universal properties in the potential scatterings and other many body reactions.
This paper is organized in the following manner. In section 2, several mechanisms of forming wave packets are studied. In section 3 we study potential scatterings of wave packets and in section 4 we present transformations of wave packets. In section 5 particle's coherence in refraction and reflection are studied and many body processes are studied in section 6. Summary is given in section 7.
Wave packet formations
In this section we study one particle states in various situations and show that the wave packets are good wave functions for particles in medium and for particles in measurements.
First we study a system where particle's mean free path is short. If a particle interacts with atoms or other particles frequently, a distance in which a particle moves freely, a mean free path, becomes short. A particle is described by one wave function during a mean free time, which is a period for a particle to move freely and is given by dividing a mean free path by its velocity. This wave function that has a finite coherence length is described by a wave packet. Second we study one particle surrounded by many particles where particle's mean free path is long. In this system, particles have long mean free paths and the direct effects of mean free path are negligible. However many particle state is described by one wave function. If one particle state in many particle system is regarded as a linear combination of momentum states, this particle is expressed by a wave packet. This wave packet has a different origin from that of the first case and plays important roles in dilute medium.
Third we study one particle state in a system where a measurement of particle is made. If a particle is measured with uncertainties of position and momentum, this particle state is described by a wave packet of these uncertainties. Formation of wave packets by a measurement is a delicate problem that is connected with fundamental problem of measurement of quantum mechanics. In fact a particle is identified by a classical trajectory in a detector and its position and momentum are measured with finite uncertainties regardless of the dynamics of measurement. So the state which has these uncertainties of the momentum and position is described by a wave packet.
Short mean free path:finite spatial extensions
Particles in matter interact with atoms frequently and lose coherence. Average distance for one particle to move freely is a mean free path in which particle's wave keeps coherence. Beyond the mean free path, particles lose coherence and are expressed by different wave functions. Hence this state has a finite spatial width and its momentum is defined with a finite uncertainty. This momentum uncertainty is inversely proportional to the mean free path and becomes large if the mean free path is short. So a mean free path is used as a wave packet size.
Mean free path
The mean free path of a particle when it propagates in the matter and is scattered by scatterers incoherently is determined by a cross section and a number density of scatterers. From a scattering cross section of a particle, σ, and a number density of the scatterers, ρ, the mean free path l is determined as
The mean free paths of various particles in matters are computed easily.
Comparison of energy widths
Because the particle state is defined by one wave function within the mean free path, l, this state has a finite uncertainty of the momentum, δp,
This finite uncertainty of the momentum leads a finite uncertainty of the energy for the non-relativistic particle of mass m,
Thus the particle that has a mean free path l has the energy width v l . Uncertainty of the energy of a wave packet is found from the momentum width Eq.(6),
Comparing two energy widths Eq. (19) and Eq. (20), we have the wave packet parameter γ,
Thus the wave packet size γ is determined by the mean free path l.
When this particle moves with a velocity v, the time which is spent by this particle to cross one position is given by the mean free path over the particle's velocity
This state has an uncertainty of the time τ and an uncertainty of the energy, δE. δE is given by
The energy width of Eq.(23) agrees with Eq.(19) and Eq.(20). Thus in matter a particle wave has a finite spatial size. Consequently a wave behaves as a wave packet of this spatial size. Momentum width is determined from the inverse of the spatial width and the wave is approximately given by the minimum wave packet.
Long mean free path:finite momentum spreads
When there is a degeneracy in one particle energy, a superposition of the states with the same energy is also an eigenstate. Which eigenstate is realized depends on a production process? In this section, we study wave packets which have origins in momentum spreading of the produced particles and are connected with the energy degeneracy.
Many particle states:transmutation of momentum spreads
In a system of many particles of long mean free path, one particle interacts with other surrounding particles many times while keeping quantum coherence. If these surrounding particles have momentum uncertainties, they are transmuted to one particle. This particle is described by a wave packet that has an origin in the momentum uncertainty.
One example of a wave which is extended in the momentum is a spherical wave around a short range potential. A spherical wave is a superposition of the plane waves and is decomposed into plane waves of continuous momentum. Hence the spherical wave is extended in the momentum. In a normal scattering, a particle is measured at certain scattering angle. The probability of observing this particle at a certain angle is proportional to the square of the absolute value of the amplitude. It is not easy to verify directly the fact that the wave function is extended in momentum variables. In our purpose of studying interference phenomena in systems of large scales, this kind of momentum extension is important as a new mechanism of the wave packet.
We study the coherence length of a particle surrounded by many particles and whole states are described by one wave function based on the correlation in the momentum variables C( p 1 , p 2 ). In this situation, one particle gets a large uncertainty from many particles. Even though momentum uncertainty of each particle is small, effects of momentum uncertainties of these many particles are added constructively and affect to this particle of significance magnitude. Consequently this particle is given a finite momentum uncertainty by these many particles and behaves as a wave packet.
This new mechanism is applied, for instance, when many particles are involved in the microscopic processes and they keep coherence for long time. This may be realized actually in the universe. Especially around the decoupling time of cosmological background radiations in an early universe, where particle states are described by one wave function for a long time, a wave packet due to momentum uncertainty of this section is expected to play roles.
During time evolution of one particle wave function, this particle interacts with surrounding particles. The effects of surrounding particles are studied next. We study the system of many electrons and many photons in which they interact by Thomson scattering. The Thomson scattering cross section is given in Appendix A. Photons and electrons interact also with protons. Number of protons is the same as the number of the electrons from charge neutrality. These protons have finite uncertainties.i.e., finite spreads of the momenta due to Rutherford scatterings between charges
where n c is the density of charged particles and σ Ru is Rutherford scattering cross section which is given in Appendix A. Even if these momentum spreads are small, a system of many protons could give a large uncertainty to an electron due to the constructive effects. In this case, whole uncertainty of the momentum becomes large, and this system of the electron and protons violates translational invariance maximally.
A mean free path of the electron due to Thomson scattering is given by
where n γ is a photon density. A mean free path of the electron due to Rutherford scattering is given by
where n pr is a proton density. Their magnitudes are given in Appendix. The ratio between two lengths
is the number of average collisions due to Rutherford scattering per each Thomson scattering. During a Thomson scattering time, Rutherford scatterings occurs N T times. The l T h , l Ru , and N T are given in Appendix A. For the coherence of photon and electron, surrounding protons are taken into account and Feynman diagram of these processes has many lines of particles as in Fig. 1 . Average number of Rutherford scatterings in the distance l, N , is given by
So the electron's spread gets contributions from proton's momentum spread N times in the distance l. A photon gets contributions from electron's momentum spread. As is shown in Appendix B, the momentum spreads of the electron and photon, after the N step of interactions, are given by
and its magnitude become large for large N . Especially if
2 is given by
and reaches the absolute value of the momentum,|p|, at a sufficiently large N . This is realized at a macroscopic distance l. Thus, the total spread becomes
and the wave has a large momentum spread and momentum conservation becomes effectively negligible . Next we focus the final Thomson scattering of one photon and one electron shown in Fig. 2 . The incoming states of the final scattering are almost real photon and electron and have large momentum spreads. These photon and electron are described by superpositions of momentum states of large momentum uncertainties with a suitable energy weight. 
Statistical model
The weight of the superposition of the initial states at the final scattering is determined by its previous scatterings and identical particle effects. From the facts that the waves have large momentum spreads after the macroscopic distance and that the amplitude of the Thomson scattering in low energy of order few thousands K, is constant and spherically symmetric, waves of the photon and the electron in the initial state of the final scattering are regarded as the spherical waves which are superpositions of plane waves of all orientations.
In many particle state, identical particles satisfy either Fermi-Dirac statistics or Bose-Einstein statistics and the total energy conservation low
is satisfied. An average occupation number of the state p, i.e., one particle distribution, is given by Bose-Einstein distribution
for photon and by Fermi-Dirac distribution
for electron, where µ is the chemical potential and k B is Boltzmann constant and T is the temperature which is determined from the average energy. A many body wave function which satisfies these conditions mentioned above is the coherent state of Boson field and the state of Fermi field constructed in the same way. Explicit form is given in Appendix C. Thus we assume that the amplitude for one photon and one electron is given by
whereT (1) does not depend on p 2 and k 2 . The whole amplitude is written as
where
is the amplitude of Thomson scattering and is constant in low energy. The momentum correlation function C( p 1 , p 2 ) is a product of the amplitude of the photon momentum p 1 and its complex conjugate of the photon momentum p 2 and is given by
This correlation C( k 1 , k ′ 1 ) shows the wave packet nature of photons. We compute the above function C( k 1 , k ′ 1 ) numerically. The result is given in Fig. 3 . As is seen from the Fig.3 , the correlation shows that of Gaussian wave packet of the width of few k B T . Photon is regarded as a wave packet whose energy distribution is Planck distribution but the momentum width is few k B T . This value of the wave packet size should be understood as a maximal possible value. Effect of wave packet was studied in [13] .
Measurements of particle's trajectory
When a particle is measured by an apparatus, its position and momentum are measured within certain uncertainties. Many physical processes are involved in measurements, but regardless of these processes when the position and momentum are determined within uncertainties, the final state after the measurement is expressed by the state with these uncertainties. So wave packet of suitable values of momentum width and coordinate width is used for this state. The probability for the particle to be observed within these widths of wave packet is unity and it follows a classical motion before a next measurement.
The product of uncertainties of the momentum ∆ p and position ∆ x may be much larger than that of the minimum wave packet,
so non-minimum wave packets Eq. (8) are suitable for these states. By a successive measurements, particle's trajectory which follows classical motion is observed [15] . This happens because the wave packet has a finite spatial size and a probability for this particle to be observed in the inside of this region is unity. Actually as was discussed in a previous paper [5] , wave packet spreads with time. Spreading velocity depends on the mass and energy. In order the particle trajectory to be observed, next successive reaction with apparatus should occur before the wave becomes large size. Unless observation is made, the wave spreads ultimately and a straight trajectory is not tested.
Because light microscopic particles spread fast, they become momentum eigenstates easily. Hence translational invariance is preserved for these particles. On the other hand, for macroscopic objects or extremely heavy particles spreading velocities are negligible and they are localized at certain positions of the initial states. Translational invariance is violated for these objects.
Potential scatterings
In this section we study scatterings of the wave packets by simple rectangular potentials. We see that sizes of extensions in the positions and momenta have a strong correlations with the velocities of the wave packets and the product of both sizes are approximately adiabatic invariants. Minimum wave packets are changed to non-minimum wave packets in certain reactions.
Potential wall in one dimension
We study wave packets first in a simple potential, i.e., in a constant potential wall of a height or depth V 0 described by
We obtain a solution of Schrödinger equation,
of the following form,
ψ(x) = e ikx + B − e −ikx , x < 0
where at x < 0 a right-moving plane wave comes in toward the wall and a leftmoving wave of a magnitude B − is reflected and at x > 0 a right-moving wave of a magnitude C + is refracted. The parameters k and k ′ are connected with the energy as,
The coefficients are found from the continuities of the wave function at x = 0 as [16] 
The time dependent wave packet is constructed by a linear combination of the above waves
The wave packets ψ 1 wp is a minimum-wave packet, but wave packets ψ 2 wp and ψ 3 wp are not minimum wave packets due to the momentum dependent factors in the amplitudes,
The initial wave packet is chosen to be minimum and satisfies the minimum uncertainty relation and the reflected wave and accelerated wave have uncertainty relations of about twice of the minimum value. Especially the value of δxδp for the accelerated wave depends on potential depth as is given in Fig.4 . The product of uncertainties becomes 1 2 at V 0 → ∞ and 3 2 at V 0 → 0. This is because wave function behaves in these regions as
just like a wave function for ground state and first excited state of harmonic oscillator in Eq. (9) . The product of uncertainties of accelerated wave is changed smoothly as seen in Fig.4 . 
Potential barrier
We study wave packets next in a simple potential, i.e., in a constant potential barrier of a finite width a and a height or depth V 0 described by
We obtain a wave function of the following form:
where at x < 0 a right-moving plane wave comes in and a reflected left-moving wave of a magnitude B − is reflected and at x > 0 a right-moving wave of a magnitude is refracted. Coefficients A i show magnitude in the inside of potential. These coefficients are found as [16] A + = 2 1 + 1 + V 0 /E
and coefficients B − , C + are found as
Wave packets at x > 0 and x < 0 are computed as
where N (k) is given in Eq.(53). Wave packets ψ i wp (i = 1 ∼ 3) are computed numerically. In the negative x region, the minimum wave packet comes in and refracted wave packet and reflected wave packet are generated. The variances of ψ 
wp is shown in Fig.5 , where we set δx 1 = 8.0×10 −10 [m] and the width of potential is taken from 0 to 1.5 × δx 1 and the potential depth is of order of average energy of wave packet. In this region, δx 3 × δp 3 is approximately adiabatic invariant and minimum wave packet remains nearly minimum after potential scattering. On the other hand, δx 2 ×δp 2 becomes large. This is naively because there are two potential shifts for potential barrier/well and the reflected wave packet can spread even in this region by the effect of reflection from these boundaries. 
Potential scatterings in three dimensions
The Schrödinger equation with a one dimensional potential U (z)
has solutions of the form,
The first part in the right hand side is the plane wave in the transverse direction p T = (p x , p y ), x T = (x, y) and the second part is the function of z. The wave packet is formed from the above wave function as
where the wave packet in the transverse direction is the wave packet of the free wave and the wave packet in the z direction is the wave packet of the scattering wave in the one dimensional potentials studied in the previous section. The wave packet is modified by potentials in the direction of one dimensional potential and is not modified in the transverse directions. The time-dependent wave packet is given by
Obviously at small t the momentum width in the transverse direction is not modified but the momentum width in the longitudinal direction is modified by the potential. The change of the width in the longitudinal direction is similar to that of one dimension.
Transformations of wave packets
In this section we study transformations of wave packets and find changes of wave packets under various transformations based on semi-classical treatments. We assume that the transition of wave packets is smooth and continuous in momentum and naive treatment of wave packet's parameters are possible. In this calculations, singular behaviors of the scattering amplitudes such as resonances are excluded.
Lorentz transformation
By a Lorentz transformation, a momentum p ν is transformed to p ′ ν by a matrix
The momentum in the direction of the boost is transformed together with the energy but the momentum in the transverse direction is unchanged. The variances of the momentum components are transformed in the same manner. Amplitude for the plane wave is known to be covariant under the Lorentz transformation, but the present amplitude for the wave packets has a noninvariant part, because the wave packet size is not fully covariant.
Addition of potential energy
In a potential scattering, one particle gets an energy from a potential V 0
so wave packet parameters are transformed when a wave packet passes a potential.
4.2.1
Non-relativistic case For non-relativistic particle, momenta are related by
By decomposing the momentum vector into the longitudinal component and the transverse component and their small deviations,
we have equalities for the central values and variances of the momenta
(δp
Thus the variances of momenta are connected by
Using the time duration τ , the spatial sizes in the longitudinal direction are proportional to the central value of the velocity,
hence the the ratio satisfies
From Eqs. (81 ) and (84 ), the product of momentum extensions and position extensions becomes adiabatic invariant,
The momentum extensions and spatial sizes in the transverse direction are unchanged
and are proportional to their energies.
Relativistic case
For relativistic particle, the relation is modified to
Thus we have
2 p
hence the spatial sizes of extensions in the longitudinal direction are given by
In the low energy region, the energy E 1 and E 2 are mc 2 and the relation of the spatial extensions coincides to that of non-relativistic case, Eq.(86). If the both momenta are relativistic, the velocities are almost c,
and the both sizes are almost the same,
Massless particle has a light velocity and does not spread in the direction of motion and the massive particle has a same property that the coherence length is not transformed in the relativistic regime. On the other hand massive particle expands when its energy enlarged by the potential energy from the nonrelativistic region to the relativistic region and has a size at light velocity,
if it has δx v at velocity v.
Scale transformation
In scale transformation, a momentum is multiplied by a constant factor λ,
which is consistent with the energy and momentum relation of the massless particle. So this transformation is applied only to massless particle. The variance is transformed then by
hence the spatial sizes of extensions are given by
For λ << 1, we have
Refraction and reflection
We study situations where a half space is occupied by one medium and another half is occupied by another medium. A wave packet in one half is reflected at the other half and refracted at the boundary. Wave packets of these situations are studied here.
In the situation where one half is the vacuum and another half is filled with medium, the wave in the medium has a mean free path. So the wave that is produced in the medium first and emitted into the vacuum later is described by a wave of finite coherence length. Although the wave in the vacuum is described by the free Hamiltonian, this wave is the wave packet of having a finite mean free time and a finite energy widths. Thus the size of wave packets in vacuum are determined by the mean free path in the medium if the wave is produced in the medium and emitted into the vacuum.
Electrons from metal to vacuum
Electrons in the metal follow energy dispersions which are characteristic of the band structure and have a lower energy than in the vacuum by amount of the work function. The energy dispersion is approximately expressed by a quadratic form of an effective mass m ef f that is different from the mass in the vacuum m 0 . For a spherically symmetric band, we have the relation of energies between the momentum in metal p 1 and the momentum in vacuum p 2 ,
where E 0 is the work function in the metal.
By decomposing the momenta into the components and the central values p 0 i and deviations in the longitudinal direction, δp l , and those in the transverse directions, δp i , we have,
Electrons propagate in the form of wave packets of the above parameters.
Lights from medium to vacuum

Without absorption
In a medium of insulator, dielectric constant is different from the value of the vacuum and is real if there is no absorption. In this situation, a momentum in the medium p 1 and a momentum in the vacuum p 1 are connected by
where µ and µ 0 is a permeability of the medium and of the vacuum and ǫ and ǫ 0 is a dielectric constant of the medium and of the vacuum. c m is the light velocity in the medium and c is the light velocity in the vacuum.
Finite absorption
In a system of absorption, the photon energy has an imaginary part
where ρ is a resistivity. The relation of the momenta at the boundary is given by
but due to the imaginary part of the energy the wave lives for a finite time τ τ = ǫρ (109) in the medium. So the light that is emitted from the medium into the vacuum has an uncertainty of the energy ∆E,
Lights propagate in the form of the wave packets if the above parameters.
Many body processes
Coherence length of a particle in final states of many body processes is determined by the uncertainties of the energy and momentum of the initial states. The momentum correlation Eq.(12) of one particle state is used for obtaining the coherence length.
Two body decay
In a two body decay A → B + C, the energy and the magnitude of momentum of B and C are fixed in the rest system of A. The correlation function Eq. (12) is defined by
where the above amplitude is proportional to the amplitudeT and the delta function of energy momentum conservation,
when the state A is the eigenstate of the energy and momentum. Thus if the state A is the eigenstate of the energy and momentum, the above correlation function becomes proportional to
On the other hand, when the state A is a wave packet of the function F ( p A ), the correlation function is given by
. So the momentum correlation C( p 1 , p 2 ) is determined by the momentum distribution function F ( p A ) of the initial state.
Three body decay
In a three body decay, A → B + C + D, the energy and the magnitude of momentum of B, C are D vary even in the rest system of A. If the particle B is measured and the other states are not measured but are summed, the result of the correlation function for the B is the same as that of two body decay. The correlation function is given by
and is proportional to the delta function if the state A is the eigenstate of the energy and momentum,
So the momentum correlation C( p 1 , p 2 ) is determined by the momentum distribution function F ( p A ) of the initial state A.
Two body collision
Coherence lengths of collision products are treated in a same manner as the decay products of the previous section and are determined by the uncertainties of the energy and momentum of the initial states. We study the momentum correlations Eq.(12) of one particle also in the collision products. In a two body decay A + B → C + D, we study the correlation function Eq. (12) is defined by
when the state A and B is the eigenstate of the energy and momentum. Thus if the state A and B are the eigenstates of the energy and momentum, the above correlation function becomes proportional to
On the other hand, when the state A and B are wave packets of finite spreads, the wave functions overlap within a finite space-time region,
and the energy-momentum conservation is slightly violated
The correlation function is expressed by the wave functions F ( p A ) and F ( p B ) as
So the momentum correlation C( p 1 , p 2 ) is determined by the wave functions of the initial state. This result is also applied to many body scatterings. The correlation function C( p 1 , p 2 ) was used in Section 2.2.
Summary
In this paper, we showed that one particle states are described by wave packets of finite coherence lengths, i. e., finite wave packet sizes in various situations. Wave packet size is determined either from one particle effect or from many particle effect. In the former, a finite mean free path is the origin of the wave packet. The finite mean free path makes one particle to have a finite spatial extension and a finite momentum uncertainty. The state of a finite mean free path is a non-stationary state and is varied with time. The state is extended also in energy and the energy width is determined either from the mean free path or from the mean free time. Two values are consistent each other. In the latter, one particle state is generated as a superposition of plane waves due to many particle effects and has a correlation of a wave packet. The situation is similar to the fact that a spherical wave is produced by a short range potential. The spherical wave is a superposition of plane waves of different orientations. Usually a particle is detected by a detector of finite size and the number of events is determined separately at different angles, so it is difficult to see the coherence of different angles directly. To test the coherence of different orientation directly, a particular detector which responds in wide orientation may be necessary. We verified in latter sections that once particles of finite coherence were produced, the finite coherence propagate and transmit to other particles by scatterings and many body effects.
In the next paper, we study various applications of wave packets in interference phenomena in large scale physics.
B Total momentum uncertainty of N particles
When a particle is surrounded by N-particles and interacts with them coherently, one particle in the final state gets a total momentum uncertainty from N particles. The total amplitude of this processes is written as,
We study the case where all particle states of the initial state are described by the same wave packet for simplicity. In other cases, the following conclusion is the same. The product of N Gaussian functions
is decomposed into the function of the total momentum p T and relative momenta p r as
In the above function, F T ( p T − p 0 T ) is given by
whereÑ is a normalization constant. Thus the spread of the total momentum increases with N and becomes √ N times of the spread of one particle. These N particles give the momentum uncertainty √ N ∆p to the particle.
C A wave function of statistical model
Many body wave function that has minimum uncertainty of field operators φ( x) and π( x) for a Boson
is a coherent state
This coherent state satisfies ψ|a( q)|ψ = g( q),
and the number density agrees to that of our statistical model if
An example of the weight is g( p, X) = n P ( p)e −i p· X ,
where we choose a suitable vector X. For Fermion b † ( p) a wave function is chosen in a same way and we have
